A graph H is called common if the total number of copies of H in every graph and its complement asymptotically minimizes for random graphs. A former conjecture of Burr and Rosta, extending a conjecture of Erdős asserted that every graph is common. Thomason disproved both conjectures by showing that K 4 is not common. It is now known that in fact the common graphs are very rare. Answering a question of Sidorenko and of Jagger, Šťovíček and Thomason from 1996 we show that the 5-wheel is common. This provides the first example of a common graph that is not three-colorable.
Introduction
A natural question in extremal graph theory is how many monochromatic subgraphs isomorphic to a graph H must be contained in any two-coloring of the edges of the complete graph K n . Equivalently, how many subgraphs isomorphic to a graph H must be contained in a graph and its complement?
Goodman [Goo59] showed that for H = K 3 , the optimum solution is essentially obtained by a typical random graph. The graphs H that satisfy this property are called common. Erdős [Erd62] conjectured that all complete graphs are common. Later, this conjecture was extended to all graphs by Burr and Rosta [BR80] . Sidorenko [Sid89] disproved Burr and Rosta's conjecture by showing that a triangle with a pendant edge is not common. Later Thomason [Tho89] disproved Erdős's conjecture by showing that for p ≥ 4, the complete graphs K p are not common. It is now known that in fact the common graphs are very rare. For example, Jagger, Šťovíček and Thomason [JŠT96] showed that every graph that contains K 4 as a subgraph is not common. If we work with k-edge-colorings of K n rather than 2-edge-colorings we get the notion of a k-common graph. Cummings and Young [CY] recently proved that no graph containing the triangle K 3 is 3-common, a counterpart of the result of Jagger, Šťovíček and Thomason above.
There are some classes of graphs that are known to be common. Sidorenko [Sid89] showed that cycles are common. A conjecture due to Erdős and Simonovits [ES84] and Sidorenko [Sid91, Sid93] asserts that for every bipartite graph H, among graphs of given density random graphs essentially contain the least number of subgraphs isomorphic to H. It is not hard to see that every graph H with the latter property is common, therefore this conjecture would imply that all bipartite graphs are common. The Erdős-Simonovits-Sidorenko conjecture has We will prove in Theorem 3.1 that W 5 (see Figure 1 ) is common. This will also answer W 5 Figure 1 . The 5-wheel.
a question of Sidorenko [Sid96] . He showed [Sid96, Theorem 8] that every graph that is obtained by adding a vertex of full degree to a bipartite graph of average degree at least one satisfying the Erdős-Simonovits-Sidorenko conjecture is common. Sidorenko further asked whether in this theorem both conditions of being bipartite and having average degree at least one are essential in order to obtain a common graph. Our result answers his question in the negative, as W 5 is obtained by adding a vertex of full degree to a non-bipartite graph. The proof of Theorem 3.1 is a rather standard Cauchy-Schwarz calculation in flag algebras [Raz07], and is generated with the aid of a computer using semi-definite programming. A similar approach was successfully applied for example in [Raz10, HKN09, BT11, Grz11, HHK
Preliminaries
We write vectors with bold font, e.g. a = (a(1), a(2), a(3)) is a vector with three coordinates. For every positive integer k, [k] denotes the set {1, . . . , k}.
All graphs in this paper are finite and simple (that is, loops and multiple edges are not allowed). For every natural number n, let M n denote the set of all simple graphs on n vertices up to an isomorphism. For a graph G, let V (G) and E(G), respectively denote the set of the vertices and the edges of G. The complement of G is denoted by G * . The homomorphism density of a graph H in a graph G, denoted by t(H; G), is the probability that a random map from the vertices of H to the vertices of G is a graph homomorphism, that is it maps every edge of H to an edge of G. If H ∈ M ℓ , G ∈ M n , and ℓ ≤ n, then t 0 (H; G) denotes the probability that a random injective map from V (H) to V (G) is a graph homomorphism, and p(H, G) denotes the probability that a random set of ℓ vertices of G induces a graph isomorphic to H. We have the following chain rule (cf. [Raz07, Lemma 2.2]):
where Figure 2. Types.
It is easy to see that as n → ∞, for a random graph G on n vertices, we have, with high probability, t(H; G)
Thus, H is common if the total number of copies of H in every graph and its complement asymptotically minimizes for random graphs. Note also that since t(H; G) and t 0 (H; G) are asymptotically equal (again, as n → ∞), one could use t 0 (H; G) in place of t(H; G) in (2.2), and this is what we will do in our proof. Apart from already defined model W 5 ∈ M 6 we need to introduce the following models, types, and flags.
We shall work with five types σ 0 , σ 1 , . . . , σ 4 of size four which are illustrated in Figure 2 . For a type σ of size k and a set of vertices
in which the only unlabeled vertex v is connected to the set {θ(i) :
These elements form a basis (for V = ∅ and with repetitions) in the space spanned by those f ∈ A σ k+1 that are both Aut(σ)-invariant and asymptotically vanish on random graphs; other than that, our particular choice of elements with this property is more or less arbitrary.
Recall that in [Raz07, §2.2] a certain "averaging operator" · was introduced. This operator plays a central role in the flag algebra calculus. Let * ∈ Aut(A 0 ) be the involution that corresponds to taking the complementary graph. That is, we extend * linearly from n M n to A 0 .
Main result
We can now state the main result of the paper.
Theorem 3.1. The 5-wheel W 5 is common.
Proof. Let W 5 ∈ A 0 be the element that counts the injective homomorphism density of the 5-wheel, that is
We shall prove that 
We now give a proof of (3.1). To this end we work with suitable quadratic forms Q are positive definite which can be verified using any general mathematical software. Next we define
We claim that
2) All the terms in (3.2) can be expressed as linear combinations of graphs from M 6 and thus checking (3.2) amounts to checking the coefficients of the 156 flags from M 6 . We offer a C-code available at http://kam.mff.cuni.cz/∼kral/wheel that verifies the equality (3.2).
By [Raz07, Theorem 3.14], we have
Therefore, (3.2) implies (3.1).
Theorem 3.1 shows that a typical random graph G = G n,
asymptotically minimizes the quantity t(W 5 ; G) + t(W 5 ; G * ). Extending our method, we convinced ourselves that G n, . Therefore, C 4 + C * 4 ≥ 1/8 (i.e., C 4 is common), and, moreover, every φ ∈ Hom + (A 0 , R) attaining equality must satisfy φ(ρ) = 1/2 and φ( C 4 ) = 1/16.
On the other hand, is is shown in [CGW89] that the density of edges and the density cycles of length 4 characterize quasi-random graphs, implying that the homomorphism φ satisfying φ( C 4 + C * 4 ) = 1/8 is unique (and corresponds to quasi-random graphs). Therefore, to verify the uniqueness of the homomorphism φ satisfying φ( W 5 + W * 5 ) = 2
it suffices to show that
We have used a computer program to verify (3.3), and it is telling us that this inequality holds with quite a convincing level of accuracy 10 −10
. But we have not converted the floating point computations into a rigorous proof.
Conclusion
In this paper we have exhibited the first example of a common graph that is not threecolorable. This naturally gives rise to the following interesting question: do there exist common graphs with arbitrarily large chromatic number? 
{1,2,3,4} ), and the vectors g − i are given by
{3,4} ).
The matrices M +/− i are listed on the next two pages. 
